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Let M be a multigraph. Vizing (Kibernetika (Kiev) 1 (1965), 29-39) proved that 
x’(M) (d(M) +p(M). Here it is proved that if x’(M) ad(M) + s, where 
f@(M) + 1) < s then M contains a Zs-sided triangle. In particular, (C’) if p(M) ( 2 
and M does not contain a 4-sided triangle then x’(M) <d(M) t 1. Javedekar (J. 
Graph Theorv 4 (1980) 265-268) had conjectured that (C) if G is a simple graph 
that does not induce K,., or K, - e then x(G) < w(G) t 1. The author and Schmerl 
(Discrete Math. 45 (1983), 277-285) proved that (C’) implies (C); thus 
Javedekar’s conjecture is true. 
INTRODUCTION 
An n-sided triangle is a multigraph with n edges on three vertices x, y. and 
z such that x - y-z -x. Vizing’s famous theorem states that for any 
multigraph M, x’(M) <d(M) +,@4). In this paper we show that if 
x’(M) = d(M) + p(M) and p(M) > 1 then M contains a 2@4)-sided triangle. 
More generally we prove that if x’(M) > d(M) + s, where b(M) + 1)/2 < s 
then M contains a 2s-sided triangle. In [5] it was shown that the following 
two assertions are equivalent. 
(C) For all simple graphs G such that G does not induce K,., or 
K, -e, x(G) < w(G) + 1. 
(C’) For all multigraphs ..H such that &X) ,< 2 and ..X does not 
contain a 4-sided triangle, x’(L) < d(H) + 1. 
Since (C’) is a special case of our main result, we also get (C). Assertion 
(C) arose from interpreting Vizing’s theorem as a vertex coloring theorem for 
line graphs. Beineke [l] characterized line graphs in terms of nine forbidden 
induced subgraphs. Choudum [2] and then Javdekar [4] generalized this 
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interpretation by showing that most of the forbidden subgraphs were not 
needed for the vertex coloring result. However, it was easy to construct 
examples to show that K,,, and K,-, were needed. This led Javdekar [4] to 
conjecture (C). The proof of our main result also provides a nice proof of 
Vizing’s theorem. 
Notation. Let .X be a multigraph. d(M), w(-&), x(M), x’(M), and 
p(M) denote, respectively, the maximum degree, the maximum clique size, 
the chromatic number, the chromatic index, and the multiplicity of -A. If .X 
is clear from the context we may delete reference to it. For x, y vertices of 
.H, 6,(x) denotes the degree of x and p,n(x, y) denotes the number of edges 
from x to y. Again if .d is clear from the context we may delete reference to 
it. Adjacency is denoted by -. A partial edge coloring of, fl is a coloring of 
some of the edges of ..N such that no two adjacent edges receive the same 
color. If $ is a partial edge coloring of 4 and v is a vertex of .I then 4(v) 
denotes the set of colors in the co-domain of 4 which are not used to color 
any edge incident to U. An E - 6 path (relative to a partial coloring $) is a 
path whose edges are alternately colored E and 6. 
1. THE MAIN RESULTS 
We shall call the multigraph on {x, y, z) such that ,u(x, y) = s, 
~(x, z) = s - 1, and ,~(y, z) = 1 an s-triangle. (See Fig. 1). The first part of 
Theorem 1 is Vizing’s original theorem on chromatic index. We state and 
prove it here since the same argument also proves the second part of the 
theorem. 
THEOREM 1. Let A4 be a multigraph. 
(a) x’(W < APO + 00 
(b) Zfx’(M) = d(M) + ,u(M) and p(M) > 1 then M contains an p(M)- 
triangle. 
a 
Y 
S 
X 
s-l 
Z 
FIGURE 1 
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ProoJ We shall show how to edge color M with A + s - 1 colors for any 
s such that 1 < s, ,u < s, and A4 does not contain an s-triangle. Since M does 
not contain a @I + 1)triangle this will prove (a) and (b). Suppose that we 
have constructed a A + s - l-partial edge coloring # of M. Call a path 
.P = (P, E), where P = {p,, ,..., p,}, E = {e, ,..., e,- ,}, and ek is an edge 
between pk and pk+ , , @-acceptable iff e, is an uncolored edge and for each i 
such that 0 < i < n, #(ei) E Ujci #(pj). The concept of $-acceptable paths is 
a generalization of Goldberg’s notion of “a, P-link chains” [ 31. 
The following two lemmas are the keys to the proof. 
LEMMA 2. For every (A + s - 1)-partial edge coloring #J of M and every 
#-acceptable path 9, iffor some i < j, I n I # 0 then there exists a 
(A + s - 1)-edge coloring !P of do(g) U {e,). 
Proof. Suppose E E #(pi) n #(pi). We argue by induction on j. If j = 1, 
let !P(e,) = E. Now suppose that j > 1. We argue by induction on j - i. First 
suppose that j - i = 1. Let $(ejp,) E #(p,), where m < j - 1. Recolor ej_, 
with E to obtain 4’ and let ..Y’ = .P 1 (P - ( pj}). Then 9’ is a #‘-acceptable 
path and #‘(p,)~ Qt’(pjp,) # (s, so we are done by the primary inductive 
hypothesis. Now suppose that j - i > 1. Let 6 E #(pi+ J. If 6 = E we are done 
by the primary inductive hypothesis. Otherwise consider the e - 6 path C 
starting at pi+, . By the primary inductive hypothesis it can neither end at 
any of the vertices pk for k < i nor include any of the edges ek for k < i. Let 
4’ be the result of switching the colors E and 6 on C. Suppose C does not end 
at pi. Then .Y’ = .Y ) ({pk: k < i + 1 }) is #‘-acceptable since Q(e,J = #‘(e,) 
for each k < i, @(pk) = #‘(p,J, for each k < i, and $(ei) @ $(pi). Also 
E E qi'(pi)n qS'(pi+ 1), so we are done by the primary inductive hypothesis. 
Now suppose that C ends at pi. We claim that .9 is #‘-acceptable. Clearly 
Q(pJ = $‘(pJ for k f i, i + 1, #‘(Pi) = (4(Pi) - {&I) U (61, ’ and 
#‘(pi+ i) = (#(pi+ ,) - (61) U (E}. Also #‘(e,) = $(ek) unless possibly 
k> i + 1, @(e,J = E and $‘(e,) = 6 or k > i + 1, #(eJ = 6, and #‘(e,) = E. 
Regardless, the 4’.acceptability of .P follows from the #-acceptability of .Y. 
Since E E #'(pi+,) n t$'(pj) we are done by the secondary inductive 
hypothesis. 
LEMMA 3. Let .4-= (P, E) be a multigraph such that P= {p,,,..., p,}, 
PO-PI”“‘” pn- 1, ,a(-&-) < s, and ,8  ^does not contain an s-triangle. Then 
a,,-(P,) < n(s - 1) + 1. 
Proof PartitionPinto {{pi,pi+i}:i=2j<n-l}U{q},whereq=Qif 
n is even and { pn _ i } if n is odd. Since ..fl does not contain an s-triangle and 
p(K) ,< s there are at most 2s - 2 edges from p, to each of the first 
[(n - 1)/2] parts of the partition and s edges from p,, to q. Thus when n is 
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even 6(p,) < (n/2)(2s - 2) = n(s - 1) and when n is odd &I,,) < 
((n - 1)/2)(2s - 2) + s = n(s - 1) + 1. I 
Finally to complete the proof of the theorem we claim that if ,P is a 
maximal $-acceptable path in ,A, then 
(1) P contains two distinct vertices x and y such that 4(x) n 4(y) # qK 
Let p, be the last vertex of .P and assume that (1) is not satisfied by 
.a / (P- {p,}). Let D = U,,, (s(p,) and ,/t- be the submultigraph 
of R induced by the vertices of .Y. By not (l), ]B] =Ci<,, I#(pi)l > 
Ci<,(d+s-l-d)+2=n(s-1)+2. By Lemma 3, UP,) < 
n(s - 1) + 1. Thus for some w E R, 4(e) # cc) for every edge e E, I . and 
incident to p,. Since P is maximal q%(e) # w for every edge e E .X -% I . and 
incident to p,. Thus w E #(pm) which proves the claim and the theorem. 1 
THEOREM 4. If G is a simple graph that does not induce K,+, or K, - e 
then x(G) < w(G) + 1. 
Proof: In [5] it was shown that the theorem follows from assertion (C’). 
Clearly (C’) follows from Theorem 1. 
J. Schmerl suggested the following modification to the end of the proof of 
Theorem 1. Let (r E #(pO). Construct a path .7 = (P, E), where 
p = {PO,..., p,), E = {e,,..., e n- 1 }, and e, is an edge from pi to pi+, which is 
maximal with respect to (i) and (ii): 
(i) .Y is #-acceptable and, 
(ii) $(ezi+ ,) = a for i < (n - 1)/2 
Now to complete the proof by checking that (1) holds, it is only necessary to 
use Lemma 2 in the case where n is even. 
We are now in a position to relax the condition that s >,u. Call a 
multigraph on {x, y, I) an s-triple iffy - z and &, y) + ~(x, z) > 2s - 1. 
THEOREM 1 (c) (Schmerl). If x’( X) > d(l) + s then X contains an s- 
triple. 
ProoJ The theorem follows directly from the modified proof of 
Theorem 1 and the following version of Lemma 3. 
LEMMA 3’. Let N’ = (P, E) be a multigraph such that P = (p”,..., p,), n 
is even, p. N p, N . . . N p, and . .p  ^ does not contain an s-triple. Then 
6 c (P,) < 4s - 1). 
COROLLARY 5. If x’(H) > A(- H) + s, where (+u( ~7) + 1)/2 < s then fl 
contains a 2s.sided triangle. 
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